In this work, we examine the energy release rate and the J-integral of an electrically insulated crack in a piezoelectric solid under remotely uniform electrical/mechanical loads. We model the crack as a slender elliptical flaw to take into account the electric field inside the crack and obtain the exact and explicit solution. The analytic results show that the energy release rate, in general, does not equal to the J-integral and that the J-integral is path-dependent due to the electric traction on the crack faces. However, the energy release rate is equal to the sum of the J-integral along an infinitesimal circle around the crack tip and the average driving force produced by the electric field on the entire crack surface. Under combined mechanical and electrical loading, the energy release rate may be positive or negative, depending on the level of the mechanical load and the strength of the electric field as well. The effect of electric field on the fracture behavior is mechanical load-dependent, which has been observed in experiments.
Introduction
Fracture of piezoelectric materials has been of considerable interest in recent decades. One can cite the work of Parton [1] , Deeg [2] , Pak [3] , Sosa [4] , Zhang and Hack [5] , Suo et al. [6] , Park and Sun [7] , Gao and Barnett [8] , Zhang and Tong [9] , Zhang et al. [10] , Ru [11] , Gao and Fan [12] , McMeeking [13, 14] , and others. Recently, an extensive summary of the previous work was presented in [15] . However, it should be noted that nearly all previous works focus mainly on mathematical cracks without an initial crack opening. In fact, a real physical crack has a finite width. In 1989, McMeeking [16] modeled a crack in an isotropic dielectric material as a sharp elliptical flaw with a low permittivity. He found that the crack-tip field was dependent on the ratio:
, where f ε and m ε are the permittivities of the flaw and the matrix, respectively; and a and b are the major and minor semi-axes of the elliptical flaw, respectively. McMeeking [16] pointed out that neglecting the electric field inside the crack might lead to an erroneous estimate of crack-tip fields. Zhang and Tong [9] , and Zhang et al. [10] further developed McMeeking's work [16] for piezoelectric media by introducing a similar ratio defined as ) / /( ) / ( eff f a b ε ε λ = , where eff ε is an effective permittivity of the piezoelectric matrix. We call λ the electrical impermeability of the crack because the higher the ratio is, the more impermeable the crack will be. Typically, a crack can be classified into three types, i.e., permeable crack ( 0 = λ ), semi-permeable crack ( = λ a nonzero finite value), and impermeable crack ( ∞ → λ ) [9, 10] . In fracture mechanics analysis, the permeable crack model is equivalent to letting 0 = b , while the impermeable crack model is equivalent to taking 0 = f ε . In addition to the ratio λ , Zhang [17] introduced the ratio of respectively. The results of a simple capacitor-model indicate that the ratio Z functions similarly to the ratio λ and influences the energy release rate. McMeeking [13] also analyzed the energy release rate with a capacitor crack model, in which a mechanical load opens the crack, and obtained the similar conclusion that the crack opening (width) plays an important role in the energy release rate.
More recently, Li [18] modeled a mode-III crack as a rectangular slit with an infinitesimal width in a piezoelectric solid, and calculated the local and global energy release rates. McMeeking [19] further studied the energy release rate of a general mode crack, modeled as a sharp elliptical cavity, in an infinite piezoelectric material. The energy change due to the introduction of the cavity is determined by the Eshelby inclusion technique and then the energy release rate is calculated. The results [18, 19] show that the initial opening of the crack may play an important role in crack propagation, which has been confirmed by a recent experimental observation [20] .
In the present work we study a generalized 2D problem of a crack in a piezoelectric solid. The crack is treated as a slender elliptical flaw with a minor semi-axis c b δ = and a major semi-axis a .
We let 0 → c δ while holding λ finite and nonzero. The present approach is similar to
McMeeking's work [19] , in which the traditional energy balance approach is used to derive an explicit expression for the energy release rate of an electrically insulated crack. However, we place our emphasis on the J-integral and on the relationship between the energy release rate and the Jintegral. Below is the outline of the present paper: Section 2 gives the basic equations, and Section 3 lists the explicit results of an infinite piezoelectric solid with a sharp elliptical cavity with an electric field inside the cavity and complex potentials in the material. From the viewpoint of the traditional energy balance, the energy release rate G is derived in Section 4, and the relationship between the G and the J-integral is established in Section 5. As an application of the obtained results above, we discuss in details the effect of electric loading on piezoelectric fracture in Section 6. Finally, Section 7 concludes the work.
Basic Equations
In a rectangular coordinate system i x ( i 1,2,3 = ), the basic equations for a linear piezoelectric solid are [21] .
D and i E are the displacement, the electric potential, the stress, the strain, the electric displacement and the electric field, respectively, and , ijkl ijk C e and ij ε denote the elastic, the piezoelectric and the dielectric constants, respectively. Consider a generalized two-dimensional problem, in which all field variables are independent of 3 x . We introduce a generalized displacement vector u as [15, 21] [ ] ( )
where the superscript T represents the transpose, ( )
is an analytic function, p is a complex number, and a a constant four-element column vector. Equations (1), (2) and (3) can be satisfied by (4) for arbitrary ( )
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The condition for nontrivial solutions to (5) requires ( )
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The general solution of (1), (2) and (3) can be expressed as
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From (21) and (22), we can gives the electric field inside the crack as
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where
, and
For this case, the complex potential is still given by (15) with the simplified expressions of p and
Then, then intensity factor vector takes the form
Energy Release Rate
From the thermodynamic point of view, the energy release rate is the most appropriate physical quantity to characterize the fracture behavior. For purely elastic materials, the energy release rate G is identical to the J-integral because there is no energy stored in the crack cavity. For an electrically insulated crack in a piezoelectric material, however, a high electric field exists inside the crack. This electric energy can change the relationship between G and J. In this section, we shall derive the exact expression of the energy release rate based on the principle of isothermal piezoelectric virtual work [10, 15] .
There are four isothermal thermodynamic functions: the free energy, f, the electric enthalpy, h, the mechanical enthalpy, w, and the full Gibbs free energy, g [10, 15] . Each of the four isothermal thermodynamic functions corresponds to an isothermal potential, P, which is defined as the difference between the generalized work, W, done by mechanical and electrical loads and the generalized mechanical and electrical energy, U, stored inside the body of interest. In the differential form, we have energy balance condition:
Using the electric enthalpy h, the generalized work and the generalized stored energy are given by
∫∫
respectively, where Γ denotes a contour as shown in Fig. 2 , Ω is the integration domain enclosed by Γ , i u is the mechanical displacement, i i n D is the prescribed electric displacement on Γ , and the electric enthalpy per unit volume h takes the form:
For 2D cracks, the energy release rate, G, for crack propagation can be defined as
On the other hand, one has
where m and c stand for the material and the cavity, respectively. Using Green's theorem, we have ( )
where Γ′ is the contour of the cavity as shown in Fig. 2 . Substituting (34) and (35) in (33) results in
Using (29) and (36), one obtains
Substituting (37) into (32) gives
Noting that 0 3 = n on Γ , we have n a n a
Using (10) and (11) in (39) gives
Due to
we obtain from (40) and (41) that
Inserting (42) into (38) leads to
From (14) one has
If we take Γ as a large elliptical contour enclosing the cavity, then 
Equation (48) can be rewritten as 
A substitution of (46) and (47) into (13) yields
where ( )
From (51) one has
Using (54) and (49), we obtain
Substituting (55) into (43) leads to ( )
Finally, substituting (50), (52) and (53) 
The term a c ∂ ∂p can be determined from the first equation of (25). In the present work, we assume that the crack extends in a self-similar manner, that is, = a b / a constant, which was adopted previously by Zhang et al. [10] and McMeeking [19] . It can be shown that this condition is equivalent to 
Substituting (59) into (58), we obtain the expression for the energy release rate of a semi-permeable crack as 
where k is the stress intensity vector defined in (27). Using the Eshelby inclusion technique,
McMeeking [19] recently derived an expression of the energy release rate similar to (62). His equation (27) is identical (23) in the present work. However, there is a 
Relationship between G and the J-integral
The J-integral in a piezoelectric solid can be defined as [23] ( )ds 
On the crack surface,
is free of singularities and 1 0 n ≈ because 0 → = c b δ and thus, the first integral in (66) can be neglected and (66) reduces to 
Using (65), (67) and (68), we have
We can use the crack opening (14) to calculate the potential difference:
where 4 denotes the fourth row of the vector in . Substituting (15) together with (25) and (26) into (71) yields
Thus, (70) becomes ( ) 
Then, (62) can be rewritten as
where l J is the local energy release rate and
To illustrate the physical meaning of G ∆ , we introduce the parameter cs J defined as
which represents an average driving force produced by the electric field of the entire crack surfaces, as shown in Fig. 4 . Substituting (73) into (77) and carrying out the integration, we find
Comparing (78) and (76) gives
There are two extreme limits for an electrically insulated crack, i.e., electrically impermeable and permeable. For an impermeable crack, there is no electrical field inside the crack, i.e., 0
Thus, 
is the intensity factor vector of the impermeable crack. In this case, the energy release rate equals to the J integral and the J integral is path-independent. 
From the second equation of (25), Eq. (88) implies
Substituting (89) into (73) and (78) 
in which
is determined from (87). Equation (91) shows that for a permeable crack, the energy release rate also equals to the J integral and thus J is also path-independent.
Effect of Electric Fields on Piezoelectric Facture

Under purely electric loading of
In this case, the second equations of (25) and (23) give
respectively. Equations (74) and (78) 
Substituting (94) and (95) 
and for an impermeable crack,
Note that (97) and (98) are the results from linear electro-elasticity, which predict that an electric load alone cannot propagate an electrically insulated crack.
The value of G from (96) is closer to that of (97) for 
respectively. Equation (61) can be written as
where ( ) ( ) ( ) mechanical and electrical loading, the energy release rate is positive when the applied mechanical load exceeds a critical value, which is a function of the strength of the applied electrical field. An electric field may decrease or increase the energy release rate depending on the strength of the electric field and the level of the mechanical load. The effect of electric field on the fracture behaviour of piezoelectric media is thus mechanical-load-dependent.
It should be pointed out that the present work is based on linear electro-elasticity. During the failure process of a piezoelectric material, the material, especially at the vicinity of a crack, behaves nonlinearly. Thus, the failure behavior of piezoelectric materials might deviate from the predictions based on linear approaches. Even so, the linear results are still foundational and important to the development of nonlinear analyses. Moreover, the linear results might be also used to predict the fracture behavior of piezoelectric materials at low levels of loading, at which the nonlinear behavior might occur at a very small crack-processing zone and thus, the materials could reveal a macroscopically linear fracture behavior. 
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